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SUMMARY

This report presents a review of some of the characteristics of the
Deep Space Instrumentation Facility (DSIF) as it applies to the determina-
tion of lunar orbits and the solution of lunar gravitational potential con-
stants. The capability of the DSIF to determine orbital parameters and
lunar potential constants can be analyzed in terms of the errors commited
in the links of the data chain from sensor to the determined orbital pa-
rameters. The task which led to this report was a careful reading through
Jet Propulsion Laboratory (JPL) and related documentation to clearly
understand the basis of JPL's estimates of standard errors in DSIF

counted doppler and range measurements,

The results obtained in this report parallel those reflected in the
accuracy estimates made by JPL in their reports and description of the
DSIF, and it is concluded that the DSIF should indeed have the capability
required to perform lunar orbiting mission data gathering and analysis.
The data used in this report were taken from JPL reports on the Ranger VI

and Ranger VII missions,
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1. INTRODUCTION

A brief discussion of the errors associated with tracking data taken by
the Deep Space Instrumentation Facility (DSIF), engineered and operated by
Jet Propulsion Laboratories, is contained in this note. The rough theoretical
calculations of error sources are intended more to serve to increase the

confidence level of empirically derived behavior and values.

For the high frequency "noise" region, the doppler residual plots from
ODP runs on such data as that from Pioneer VI and Pioneer VII exhibit some
information on the magnitude of the errors committed by the total system.
Spectral and covariance analysis of some of the residual time series are pre-
sented. It would be a mistake to assume that residuals reflect the total
picture, since the ODP, viewed as a filter,* accepts '"noise'" (errors) lying
within its band-pass and rejects "noise" as well as valid information which
lies outside its band-pass. Thus some "noise" is lost or passed into the
orbit by the ODP. An example of such "noise'" would be that of an absolute
timing error which is lost into the computed orbit with no way of computing
its magnitude within the ODP. The "transfer function" of the ODP depends
upon the models contained within it and the mode in which it is used. For
example, if data from several stations are processed together, it becomes
theoretically possible to solve for or "filter out" time or oscillator biases,
drifts, etc., of all stations relative to some master station which must be
assumed to be synchronized to ephemeris time (to the known accuracy of
the ephemeris). In the latter case, the transfer function would no longer
extend to zero frequency, but would have a low frequency rolloff as well .

as a high frequency cutoff.

=kFor conceptual purposes here we neglect problems of the inherent non-
stationarity of the process and view of ODP as a data filter with a definite
transfer function. A more rigorous treatment is possible in terms of the
covarience matrices used in the ODP. Implementation of such an approach,
however, would require many computer runs as analytic solutions are no
longer possible. This would be outside the scope of this study.



There are, then, two basic classes of errors. The first contains those
errors which occur because the ODP's bandpass rejects partof the information
spectrum. (This results when themodels in the ODP are inadequate to simulate
reality, and the covariance and spectrum analysis onthe residuals are intended
to detect errors of this class.) The second class contains those errors which
occur because the noise spectrum shares a common region with the ODPtrans -
fer function, and thus the noise is accepted as information and included in the
orbit. To some extent at least, this, too, is an inadequacy in modeling or an
inadequacy in the amount of data processed. See Figure { for a more schematic
presentation of the above ideas. The '"bandpass characteristics" of the filter
depend on model accuracy and amount (in time) and amount (in type) of data.
This will vary from mission to mission in the latter categories as well as the
model accuracy category, since time dependent changes in the physical

environment do occur.

Thus the required information is partially contained in the residuals,
and partially derived from estimates (experimental and theoretical) of the

modeling accuracy.

INPUT MODEL
v, = (X)

COMPUTE

INPUT
SENSOR COMPUTE A = af OUTPUT ORBIT
DATA ey, Bx CORRECTION
. B L AND INVERT X

INPUT
ESTIMATE
OF ORBIT, X

Figure 1. Schematic Diagram of an ODP Filter




The data are fit in a least squares sense to a model of the physical
phenomenological processes represented by fi and the orbit, x, is corrected
by 6x; and the process is continued (iterated) until dx changes by a sufficiently
small amount.

ODP FILTER ANALOG

FILTER WITH
TRANSFER
INPUT FUNCTION OUTPUT
DATA 9 ORBIT
Y'i X

However, yi' contains, in addition, physically additive noise n, such that
y.!'=x + n. If the ODP was perfect it would reject n and pass x, but in prac-
tilce only part of n is rejected. Furthermore the filter does not quite match
reality, and so it contributes a noise n'. Thus instead of obtaining x we
obtain x + n' + p(n) where p(n) is some portion of n. Therefore the residuals
0y, while ideally equal to n the noise or inaccuracy in the measurements, are
modified to give 6y = n' + q(n), where g(n) is that portion of n which is re-
jected by the filter. Hence we are examining the residuals for g(n) and n',
while trying to estimate p(n). Proper interpretation of these quantities

permits an estimate of system accuracy.

2. LUNAR ORBITER

For the purposes of Lunar Orbiter, the problem becomes narrowed to
a consideration of two-way doppler, and angle data. All JPL DSIF stations
are assumed to be equipped with rubidium time standards which drive the
VCO's. The a priori data weighting scheme employed by JPL is briefly
summarized below, and the following discussion will be with reference to

this weighting scheme.



3. WEIGHTED LEAST SQUARES

In the weighted least-squares differential correction ODP, it is
necessary to have an a priori covariance matrix of the data. The assumption
usually made then is that the weighting matrix is the inverse of the covariance
matrix. The covariance matrix of the estimated orbit parameters under these

assumptions is given by:
(ATWA)—1 = (Atz'iA).1

Where A is the normal matrix containing the partial derivatives of the entire
ODP model, AT is the transpose of A, W is the weighting matrix, and Zis
the covariance matrix of the observations and is equal to the inverse of W by

definition.

4. JPL WEIGHTS

The a priori weights used by JPL in these ODP are according to the

following scheme.
The effect variance of a particular data-type is given by:

6 . T
2 - 2 2 __g
c“ = i; S, g, MAX [1,

8

where

i = basic error source

2 . .
Si = variance of basic error source
2 -—

g. = sensitivity coefficient of a particular
data -type on the ith basic error source

MAX (a, b) = the larger of the two numbers a, b




=
u

correlation width (in seconds) of the
basic error source

T
s

it

sample spacing in seconds

The error sources and identifying index values i are:

a)

b)

Error Source Index Value i

Computing error

Rounding error
Oscillator drift rate
Added or dropped cycles

Refraction correction

N UL W W N -

Spacecraft tumbling

5. ERROR SOURCES FOR TWO-WAY DOPPLER

Errors in the orbit determination due to trajectory
computation round-off errors in the Cowell integrations
method.

Errors of this type tend to accumulate with time along the
trajectory and thus give rise to a drift-type dependent
"noise." Unfortunately, this type of noise is apparently
lost from the residuals, which is reasonable since the
ODP would tend to pass this type of error into the orbit.

Rounding error caused by the start and stop count pulses
not necessarily occurring at times such that an integral
number of cycles has passed.

This error tends to show up as '"high frequency noise”
and is relfected in the residuals, giving higher standard
deviations.

Figure 2 illustrates round-off error on doppler data taken
over 5-second intervals as compared to 60-second intervals,
for which latter case the round-off error is below other
sources (<10-2 cps). Although the 5-second doppler data
are of extremely short sample length, a peak deviation equal
to the theoretical occurred once within this sample.



TABLE I. —SENSITIVITY COEFFICIENTS, 8.,
FOR HA, DEC AND TWO-WAY *

DOPPLER*
Error Sensitivity coefficient
source Hour angle Declination Two-way doppler
1 1/cos (Dec) 1 1
2 1 1 /T
3 1 1 P/c
4 Ar (HA) Ar (Dec) 1//37.
5 _— - Arp
] - - —_ 1

cos 9 sin’ (HA)
Ar (HA) = —_— {Ar )
cos’y sino
cosysing — sinycosPcoso

Ar (Dec) = A
r (Dec) cos {Dec) @

¢ = geocentric latitude of tracking station

4 = elevation angle

o = azimvuth angle
Ary = refraction correction for elevation angle
57.2957795 n b,b2/340.0, for ¥y < 0.3 rad
57.2957795 n X 10 cot v, for v > 0.3 rad

n = index of refraction, nominally 340.0

by = 1.0 — ({1.216 X 10° by ) — (51.0 — 300.0 v} Vbs
b: = [7.0 X 107*/(0.0589 + ¥)] — 1.26 X 107
bs = 1/10° {r — RE)
r = geocentric radius to spacecraft
RE = Earth’s radius

Arp = 0.0018958 [{sin A + 0.06483)"*
—(sin B + 0.06483)™*] n/340.0

A=~y + T, 9/2
B= — Tcv/2

T. = doppler count interval, sec

fi

i

p = range from station to spacecraft

*
From Reference 1, page 9
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c) Transmitter drift caused by oscillator instability. Rubidium
controlled oscil}?tors at all stations have a nominal drift rate
of 3 parts in 10"~ per 1 hour.

Thus, the JPL statement of transmitter stability appears to be
conservative, See for example McCourbrey, "Atomic Frequency
Standards," Proceedings of the IEEE, February 1966,

Volume 54, No. 2. Errors due to stability are entirely negli-
gible over, say, 4-day periods. For longer periods; e.g., 40
days, the expected error due to drift is less than 0. 03 cps.
High frequency noise is illustrated in Figure 3 in which the
deviations in the doppler residuals increase as the signal
transit time increases (range increase). From this plot one
may guess that this noise effect may be approximately the same
order of magnitude, i. e., 10-2 cps rms.

d) Dropped or added cycles, caused by low signal-to-noise ratio
and due to noise pulses being accepted as doppler cycle counts.

This noise source is mainly high frequency. Its magnitude may
be estimated for an equivalent signal to noise ratio of 1 (very
pessimistic) from

-3 1«
6f—21r'r 172
(E/N)

where T is the count time duration, as

3 2
6f = m <10 cps
-1/2
* 51 - (Zaz-l%)

where @ is the rms duration of the signal, and gives approximately the
same answer as by considering a tight phase-lock-loop, which reads:

1/2

2
2/ 1 - £(1 - 4L7) . V 2 \/ 2
BfJQ ZErN )t (1+442)m5m(a 1'g)+°°s("‘ 1'§)

where w_ is the undamped loop natural frequency, { = damping factor.

R
(This last expression was derived from formulae given in '"Fundamental
Accuracy Limitations in a Two-Way Coherent Doppler Measurement

?gztler)n, '""by J. A. Develet, Jr., Trans. Ire, S.E. and T., September

11



e) Variation in refraction correction which is due to differences
between the atmospheric model used in the calculations and
that which actually exists. This error source may be high
or low frequency. The troposphere is modeled as simple
spherical layers of varying density. As such, the effect
becomes worse as the elevation decreases and increases
with absolute elevation rate. Part of this effect at least,
can be observed in the residual plots, Figures 4, 5, and 6
for elevation angles below {7 degrees. Thus while the
model is certainly inadequate in that region, the magnitude
of departure is rather small and occurs over a small region
of data only.

The ionsphere may contribute an amount to the doppler effect,
of a magnitude on the order of 10-2 cps which may show high
and low frequency noise features with biases of the order

10°° cps. (Figures are for average solar minimum conditions,
cf, H.T. Howard et al., "Radar measurements of the
cislunar medium, " J.'G. R. February {, 1964 Volume 69,

No. 3.) The ionosphere is not modeled in the JPL single
precision program. The origin of the ionospheric contribu-
tion is the so-called dispersive doppler effect in which a
varying electron density along the optical path of the radar
signal causes a time varying phase advance and hence a
frequency shift in the doppler data.

f) Antenna motion caused by spacecraft tumbling. The maximum
contribution, assuming a satellite of scale length L. and a spin
frequency Qis

§p = QL

The value of uncertainty would vary from mission to mission
(dependent on success of maneuvering and propulsion phases).
Considering present state-of-the-art, this quantity is almost
certainly no higher than the other sources (10-2 cps). A
typical va.lues of Qis 2 x 107 ra%/sec and gives

6p~2x 107° cm/sec for L = 10 cm.

The RSS of the above error sources is less than \/_f; x 10’2 ~ 0. 025

cps with perhaps a somewhat greater contribution from computer error

which has been excluded from discussion here.

The second third, fourth and fifth error sources each contribute
an approximate amount of 10-2 cps while other sources contribute lesser
amounts with the exception of computation errors which do not show up

. *
in the residual plots.

*
The bias in the residual data was found to be negligible.

12
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(Analyses of these errors are considered elsewhere.) Thus,
the theoretically expected errors are in agreement with
experimentally derived errors (Tables Il andIll). Evidently,
then, the a priori weights, while conservatives, are in
accordance with theory and observation. (JPL's RSS weight
was 0. 088 cps.)

6. RELATIVISTIC EFFECTS ON TWO-WAY DOPPLLER

The JPL single precision ODP neglects relativistic effects. To
evaluate consequences of this omission we consider the relation between

the received and transmitted frequency:q‘

20, V° T F -7 2 PE - 2¢
f— - e Y t- e |t - —
Yo _ ct Clr, - T ( C ) “7o - Tl .
Yy ‘\,‘ 1+ﬂ-f‘l 1 ELF, -7 (1 i?i) . £ (F -7 (1 _Zf_z)
- cF o, -5 Vv cl® -3, c?
where
Vo = the received RF frequency
vt = the transmitted RF frequency
gbt = gravitational potential at transmitter
¢o = gravitational potential at receiver
Vo = velocity of the receiver
Vt = velocity of the transmitter
‘i?v = vehicle position vector
f:o = receiver vehicle position vector
r, = transmitter position vector

For two-way doppler the receiver and the transmitter are at the same
physical location. Even considering a transit time of 2. 5 seconds in which

the station changes position, and its value of gravitational potential

% . .

This expression for the doppler effect was computed for orbit determina-
tion by Dr. M. Payne in "General Relativistic Doppler Theory," MSC
Internal Note No. 65-FM-90, June 1965,

16




changes very slightly, thus the quantities ¢t’ ¢o, and Vt’ Vo may be
considered as equal to the accuracies of concern here. (These effects

are the order of 10_5 cm/sec and less.) Thus, we have:

<

Where U is the respective direction cosine. The potential term Z_g
is of the order of (2 x 103/ 9 x 1,010) v 2x 10-8. Neglect of these terms has
the approximate effect of multiplying the residuals by 2 x 10'8 (an error of
two parts in 10"8 ~ 2 x 1072 mm/sec near the moon and 2 x 101 mm/sec
near the earth, which would not be of interest in the present evaluation.
Thus, for the two-way doppler situation considered here relativistic effects

are negligible.

17



7. UNCERTAINTY CONTRIBUTED BY ASSIGNING A RANGE RATE
- INTERPRETATION TO THE COUNTED DOPPLER MEASUREMENT
AND THE ASSIGNMENT OF TIME

In the JPL ODP, the doppler observable is represented as an instanta-
neous doppler frequency (tagged at the midpoint of the count interval) plus a
correction term. Thus, the error caused by the assignment of a count rate
interpretation (dividing the counts by the time interval), instead of doppler
counts* as well as the proper assignment of time can be found by evaluating
the first neglected term in the expansion. Consider the mathematical model

%
used by JPL to represent the doppler observable in explicit form.

The doppler observable, f, is given by

f=

Af

t . +7/2
f ob F(t) dt

‘tob -t/2

where
Vo
F(t) = (.o3+ Wgv, (1 - v—t)
and
T = the integration or count time
wy = a bias frequency
wg = multiplicative factor introduced at the S/C transponder
to avoid jamming the receiver
v, = the transmitted frequency
Vo = RF frequency at the receiver

*
TRW Memo No, 3412,7-63

i8




’ F(t) is now expanded in a Taylor series about the point t,p: Thus, after inte-

gration, we are left with odd power terms only

1 (iV)
Fittgy) -3 N Ft )
2! 3 4!

5

1 T
5—+..

tob) T T

( F(tob)‘r +

1 (iv)
Fie ) 2 FVg
Fltgy) + —3r2 5+

where higher order terms have been omitted. The first and second terms are
included in the ODP, with the exception of relativistic effects. We now evalu-

ate the third term, retaining terms through 0(1/c) only.

Approximate values to use for the quantities of range and its derivatives
up through order five were computed by considering the impact values of a free
fall from infinity, which gives values approximately 40 percent higher than a
circular orbit at the lunar surface. The direction of these quantities would be
‘ considered only if the value of a term computed without consideration of direc-

tion was significant.

The largest term computed on this basis was about 3 x 10-5 cm/sec
(for t = 60 sec). This is about three orders of magnitude less than typical
bias values found in Ranger VI and VII doppler residual data, and about two
orders below the rms fluctuation in the same residual data. Thus, in com-
parison, the errors in time tagging and the method of representation of the

observable contribute a negligible error.
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8. CALCULATION OF QUANTIZATION OF COUNT
AND COUNT RATE DATA

The quantization error in count data would be uniformly distributed be-

tween 0.5 (apart from a constant). Thus

2 1/2 2 { {
o= xdx:I—Z-,O':——cycles

1/2 Viz

For the JPL S-Band system this is about 9 cm. For count-rate data

o =

i 1
T Vi
where

T = 60 sec

1.5 x 10’2 cm/sec

Q
H

9. EFFECT OF BIAS ON DETERMINATION
OF LUNAR GRAVITY

A lunar trajectory run was made on the TRW Systems ESPOD program
and the inputed lunar constants were recovered with zero bias in range rate
data. This corresponds to a possible bias and/or noise of 3 x 1072 cm/sec or
less, and the constants are recovered quite well. However, when the bias was
increased to 10 cm/sec, the constants were not recovered with any accuracy
at all. See Table Il for details of the runs made with four and six iterations on
a perfectly known a priori trajectory. It is concluded that reasonable accuracy

should be obtained for the determined lunar constants.

20




TABLE II. —RUNS OF

FOUR AND SIX ITERATIONS ON KNOWN
"A PRIORI" TRAJECTORY¥*

Trajectory I1=4 I=6
Model Unbiased Bias = 10 cm/sec
x 2322.8116 2322.8120 2326. 0022
y 99, 162666 99. 166294 104. 44889
z 620. 44467 620. 44341 614.97155
X -0.58516493 -0.58516552 -0.58607167
1.3472619 1. 3472627 1.3465324
2 0.37825414 0.37825074 0.37517479
-4 _4
C43 0.0 0. 00002 x 10 0.0057 x 10
Ca4 0.017x10" 4 0.01699x 10~ % 0.0008x 10" %
-4 -4
s21 0.0 0.0022x 10 1.146x 10
s31 0.21x10° % 0.2102x 102 0.1030x10™ %
S41 0.54x10 % 0.5378x 10" % 0.7734x 10 %
-4 -4
S22 0.0014x 10 0.1133x 10
s32 0.0001x 10 % 0.0794x 104
S42 0.0008x 10" % 0.0674x 10 %
-4 -4 -4
$33 0.018x 10 0.01799x 10 0.0124x 10
S43 0.032x 104 0.03154x 10" % 0.0098x 10”4
-4 -4
S44 0.0 0.00004 x 10 0.00095 x 10
Initial estimate: Ax, Ay, Az = 0.5 km
A%, Ay, Az = 0.5 m/sec

Selenopotential: 0.0

=“R\;ms made at TRW




10. RANGE MEASUREMENTS

The DSIF Ranging subsystem has the stated accuracy of a little better
than £ 15 m. The system uses a coded plus and a correlation detector to
measure the time of flight in terms of a cycle count of a stable reference os-
cillator. Since the inaccuracy is so large (due to delay in stabilization the
transponder and ground equipment of about 0.03us), the effect of the ionosphere
is certainly negligible. After an initial range measurement, the doppler ac-
cumulator is used to provide the range information. Thus, it is seen that the
range measurement functions more to provide a better initial estimate to the
initial state vector at some epoch which is updated on succeeding iterations
of the ODP. The important point, of course, is that the initial estimate be

within the ODP convergence capabilities.

11, POWER SPECTRAL ANALYSIS

To explore the possibility that other effects of a nonrandom nature may
be present in the residuals but unnoticed, a harmonic analysis of selected data
was run. Although the noise was not found to be white, no significant peaking
was noticeable (over the expected statistical fluctuation), and thus no strongly

periodic phenomena seemed to be present.

A finer analysis would require much more data, a minimum of one
thousand points perhaps, and more, if possible. Unless such quantities of
data are available, reliable statistics are difficult to obtain. Due to time
limitations and data condition, variations in the analysis to improve statistics
was not employed. The autocovariance functions show that if the data is
assumed to be exponentially correlated, then its time constant is less than
one minute. Thus, there seems to be little value in pursuing this analysis
further for the present case. Each of the following power spectrum auto-
correlation plots are of doppler data taken from reference 2. In all cases,
the equipment was operating on a rubidium standard, and the time series
corresponding to Figure 7 is shown in Figure 5, and that corresponding to
Figure 9 is shown in Figure 6,

22




10. RANGE MEASUREMENTS

The DSIF Ranging subsystem has the stated accuracy of a little better
than 15 m. The system uses a coded pulse and a correlation detector to
measure the time of flight in terms of a cycle count of a stable reference
oxcillator. Since the inaccuracy is so large (due to delay in stabilization
the transponder and ground equipment of about 0. 03us), the effect of the
ionosphere is certainly negligible., After an initial range measurement,
the doppler accumulator is used to provide the range information. Thus,
it is seen that the range measurement functions more to provide a better
initial estimate to the initial state vector at some epoch which is updated
on succeeding iterations of the ODP, The important point, of course, is

that the initial estimate be within the ODP convergence capabilities.

11, POWER SPECTRAL ANALYSIS

To explore the possibility that other effects of a nonrandom nature may
be present in the residuals but unnoticed, a harmonic analysis of selected
data was run. Although the noise was not found to be white, no significant
peaking was noticeable (over the expected statistical fluctuation), and thus

no strongly periodic phenomena seemed to be present.

A finer analysis would require much more data, a minimum of one
thousand points perhaps, and more, if possible. Unless such quantities
of data are available, reliable statistics are difficult to obtain, Due to
time limitations and data condition, variations in the analysis to improve
statistics was not employed. The autocovariance functions show that if
the data is assumed to be exponentially correlated, then its time constant
is less than one minute. Thus, there seems to be little value in pursuing
this analysis further for the present case, Each of the following power
spectrum autocorrelation plots are of doppler data taken from reference 2,
In all cases, the equipment was operating on a rubidium standard, and the
time series corresponding to Figure 7 is shown in Figure 5, and that

corresponding to Figure 9 is shown in Figure 6,
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12, SPACE PLASMA EFFECTS

The only possibly significant effect in this area is again the dispersive
doppler effect. However, its magnitude outside the earth's magnetosphere is
many orders of magnitude below that found for the ionosphere which is, itself,
negligible. Even if the moon possessed a magnetosphere or created a wake in
the streaming plasma (the solar winds), it is highly unlikely that its magnitude
could compare in any way to that of the earth's ionosphere (Russian magnetic

measurements).

13. CONCLUSIONS

The conclusions reached, then, in this brief analysis are that the
DSIF has apparently exceeded its stated capabilities, and has the capability to
perform adequately in the Lunar Orbiter studies, including the solution for

lunar potential contants.
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